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ABSTRACT: With observation of the time evolution of the disclination density in nematic films consist-
ing of thermotropic liquid-crystal main-chain polymers, a subsequent decrease of disclination density after
sudden heating to the nematic phase has been found.®* Shiwaku et al. and Hashimoto et al. reported that
the measured time dependence of the average distance, d, between two adjacent disclinations is fairly well
fitted by assuming the scaling relation d ~ t®%, i.e. the disclination density, p, should decay as p ~ t°7,
We propose a simple mean-field theory, which is based on results for diffusion reaction systems of the type
A + B — 0 where A and B correspond to the two different types of end points of a disclination line, respec-
tively. With our results the measured time dependence of p is described slightly better than by the simple
algebraic relation since the measured tendency of In p(t) versus In ¢t toward a convex function is repro-

duced.

Liquid-crystal main-chain polymers exhibit one or more
of the typical liquid-crystal mesophases.! Here we are
concerned with nematic films of liquid-crystal polymers.
In these systems one often finds locally a well-defined
nematic structure; i.e., there is a well-defined director
on a length scale that is large compared to the longitu-
dinal extension of the polymer but small in comparison
with the length probed by light microscopic methods.?™*
The decay of the nematic order is mainly due to the pres-
ence of frozen in disclination lines, which end in topo-
logically singular points of strength (+) and (-), respec-
tively, at the surface of the nematic polymer film.2 (For
a comprehensive review of the topological aspects of dis-
clinations in liquid-crystal phases, see the monograph by
Kléman.’) The occurrence of disclinations in nematic
polymer systems is of some technological importance since
these defects diminish—by destroying the global nem-
atic order—the strength of the solidified material.

Shiwaku et al.® examined the time behavior of the num-
ber of (+), (-) disclination points after sudden heating
of solvent-cast liquid-crystal main-chain polymer films
to the nematic phase; see also ref 4. These authors mea-
sured the root of the mean-squared distance, d, between
two adjacent disclinations and found that the data points
are sufficiently well described by the scaling law d ~
t9-35, i.e., the defect density, p, should scale as p ~ t™°7.
See also Figure 1 where the datas of ref 3 are repro-
duced.

In the following a theory of the diffusion reaction type
will be proposed that attempts to describe the subse-
quent annihilation of (+) and (-) defects after heating.
The physical idea behind the following theory is that a
“frozen in” state of disclinations is a nonequilibrium state
produced by the formation process of the system. Pair-
wise annihilation of disclination lines is apparently not
realized either due to too high energy barriers to be over-
come or due to constraints. Sudden heating of the sys-
tem provides it with the necessary thermal energy to over-
come energy barriers of comparable height and leads to
an annealing of the system via pairwise annihilation of
disclination lines. This process stops when all barriers
of height ~kT have been eliminated. Further anneal-
ing requires additional heating.
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The mathematical assumptions and results of the the-
ory will be explained. Then I shall discuss the shortcom-
ings of the present theory and compare my approach with
other current theories on the diffusion-limited reaction
problem.

The dynamics of singular end points of disclination
lines (=“defects” of positive or negative strength®) are mod-
eled as follows, where the (+) and (-) defects are labeled
as A and B particles, respectively: N, A particles are dis-
tributed in such a way on a regular two-dimensional lat-
tice of M vertices that each A particle defines the center
of a square “unit cell” consisting of m, lattice points, with
my = M/N, This approach is of the mean-field type
and is justified insofar as in experiment no segregation
of (+) and (-) defects into domains was observed;>* i.e.,
on the average one can assign to each (+) defect one neigh-
boring (-) defect. The A particles are immobile in the
present model. This assumption is justified because Maze-
let and Kléman found?® that the mobility of (+) defects
is much smaller than that of the (-) defects. 1 further
assume that into each unit cell one places randomly one
B particle, which diffuses freely until it meets the respec-
tive A particle. Upon encounter both particles annihi-
late. Of course, B particles may also enter adjacent cells.
I assume, however, that on the average the energy bar-
rier to be overcome for annihilation of B and A particles
is the smallest for the local unit cell the B particle is
assigned to and is larger for adjacent cells. The mean-
field treatment of time evolution explained below implies
then that the larger energy barriers are overcome later.
In order to recast the problem into a two particle prob-
lem, which can be tackled more simply, I assume peri-
odic boundary conditions for each unit cell. The rate
equation for the number of B particles is assumed to have
the form

dNB=_K(NA) NB dt (1)

where K(NN,) is the rate constant that depends on the
number N, of A particles present in the system; of course,
N, = Ng. K(N,) is proportional to the inverse of the
average time, 7, it takes for a A + B — 0 reaction to
occur. Using the method of generating functions, Mon-
troll derived the average number of steps, (n), that a B
particle, being placed randomly on a generalized d-
dimensional torus of size m?, needs until it meets an A
particle fixed at the origin.” For the two-dimensional case,
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Figure 1. Time dependence of the density p of end points of
disclination lines in a double logarithmic plot In p(t) vs In ¢t.
The data points are from ref 3, where we used that p = d"2 (see
text). The solid line is drawn accordmg to eq 6. The dashed
line represents the algebraic law®* p ~ t°

which is interesting in the present context, Montroll found
(ny=cmlnm+cym+ ... (2)

where only the leading terms in m have been retained.
For the square lattice ¢, and ¢, are given by ¢, = 0.32
and ¢, = 0.2.7 I assume now that 7 ~ (n); i.e., a B par-
ticle jumps with a constant rate randomly to adjacent
lattice sites. Furthermore, Iset m = M/N,. The latter
assumption is again of the mean-field type: it is assumed
that each time a A,B pair annihilates the size of the remain-
ing cells scales as the inverse of the actual particle den-
sity M/N,. It can be shown® that this approach yields
in the one-dimensional case the same asymptotic time
behavmr of N,(¢) as ngen by the analytically derived
solution.’ 7 can now be given as

7~ [e;M/NyIn (M/Ny) + ¢)(M/Ny)) (3)
Equation 1 then reads using K(V,) = a/7

[e,M/NIn (M/N) + c;M/N1dN = —adt  (4)

with N = N, = Ng. o is some positive constant that
depends on the mobility of the (-) defects. Upon inte-
gration eq 4 yields

e+ e+ In (N/M/IN/MY =
~at + [¢; + ¢y + In (No/M)1/INy/M] (5)

Trying to compare this result with experiment or related
theories, one meets two severe problems; First, in eq 5,
t is given as a function of N, instead of N = N{(t). Sec-
ond, and this point is more problematic, in experiment
one measures the defect density, p, i.e., a number of dis-
clination end points per some prefixed area with the dimen-
sion of [p] = (length) . In eq 5 one finds the density, p
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= N/M, given by a dimensionless number, which is fixed
by the assumed-—but not specified—size of the unit cells
that form the lattice needed in the theory. And it is, of
course, not possible to give for t = 0 the discrete approach
of the real continuum system because, first, too little is
known on the microscopic level about the relevant length
scales and, second, this approach might fail at all in the
limit ¢t — 0 if the system behaves at t — 0 as a fast react-
ing system. Fast means that the A + B — 0 reaction is
not diffusion limited but might be of a ballistic nature.
It might be annotated that this p problem is also found
in other fields of physics where one tries to describe con-
tinuum models by a lattice approach. In order to be able
to compare eq 5 with experiment I circumvent this prob-
lem by simply introducing some, unknown, scaling param-
eter, {, defined by p = {N/M, which is lumped into the
constants ¢;, ¢,, and &, which are suitably redefined. One
thus obtains

—"——+‘;’“p+c=t (6)
p is the measured defect density given as (number of
defects)/(um?). a, b, and ¢ are phenomenological con-
stants depending on c¢,, ¢,, {, and «, where ¢, and c, are
known, see above, « is in principle given by the proper-
ties of the respective polymer system, and ¢ is unknown.
As was stated above, eq 6 yields ¢ as a function of p and
not p(t) as one might wish. But by simply interchang-
ing the t-p-coordinates of the experimental data given
in ref 3, one can fit eq 6 to the data points. The best
result is obtained for a = 0.055, b = 1.09, and ¢ = -0.17.
The result is shown in Figure 1, where the coordinates
are given in the original representation for the sake of
clearness. As can be seen from Figure 1 the present
approach (eq 6) describes the time dependence of the
measured values of p slightly better than the algebraic
law?* p ~ t°7, insofar as the tendency of the In p(¢)
versus In ¢ representation toward a convex function is
reproduced. Equation 6 can be assumed to be valid only
in an intermediate time range, which here seems to coin-
cide with the range examined in the above-mentioned
experiments. For long times a saturation effect should
occur since the system must finally exhibit a constant
density of thermally activated defects.

A shortcoming of the presented theory is, of course,
that long-range interactions between pairs of points have
been neglected. Recall that two end points of a discli-
nation line, which are seperated by a distance r, interact
via a In r potential where points of opposite charge attract
each other.!® But the inclusion of these long-range inter-
actions into a theory on diffusion-limited reactions is enor-
mously difficult, and to my knowledge there exist no dif-
fusion reaction theories that are concerned with particle
interactions but of the short-range type which I used
here.!! Note, however, that due to N, = Ng and a more
or less random distribution of A and B particles the inter-
action of an A particle is effective essentially with its
neighbors, and for larger distances averages out. Thus
the effective interaction is short-range.

Finally, I want to compare my approach with concur-
ring reaction diffusion theories. There are theories!? that
are based on a rate equation of the form

dNg = -K(t) Ng dt (N

where K(t) depends in some way on a probability den-
sity function, y(¢), for transitions between lattice sites.
In the present theory y(¢) = 8(t — ry) where 7, is the time
that a B particle needs for a jump to an adjacent vertex.
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When less trivial distributions are used for y(t), it is pos-
sible to model the randomness of certain physical sys-
tems.!? Our theory differs from theories based on eq 7
since we assume that the rate “constant” depends on time
not by a probability density function, ¥(¢), for the hop-
ping of particles but by the actual number of existing
traps (A particles). That means that we do not consider
the reaction diffusion behavior of single particles placed
into a random array of traps, but we assume that all par-
ticles interact by the fact that each time two particles
annihilate the density and thus the surroundings of the
(remaining) particles change.

Another attempt has been made during the last years
to understand the dynamics of the A + B — 0 reaction
where no rate equation is used as a starting point but
where one tries to attack the problem directly; see ref 9
and references given therein. It was found that segrega-
tion is an important phenomenon;!® i.e., there are
“domains” where one finds a surplus density of one type
of particle (for an illustration of this phenomenon, see,
e.g., Figure 5 of ref 13a). It is obvious when regarding
the micrographs obtained from nematic main-chain poly-
mer films®>* that such a segregation does not take place
in these systems. The reason for this apparent discrep-
ancy is that one must indeed include particle interac-
tions that prevent the system from segregation if one
attempts to use “direct” theories.

To conclude, [ have presented a simple “double” mean-
field theory for the description of the decay of the den-
sity of disclinations in nematic films of liquid-crystal main-
chain polymers. It was found that the present approach,
which is based on a generalized form of the rate equa-
tion, approximates the functional behavior of the time
dependence of the number of disclination points slightly
better than an assumed algebraic law.
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